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Charge density of a positively charged vector boson may be negative
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The charge density of vector particles, for example W±, may change sign. The effect manifests
itself even for a free propagation; when the energy of the W -boson satisfies ε >
√
2m and the
standing-wave is considered the charge density oscillates in space. The charge density of W also
changes sign in a close vicinity of a Coulomb center. The dependence of this effect on the g-factor
for an arbitrary vector boson, for example ρ-meson , is discussed. An origin of this surprising
effect is traced to the electric quadrupole moment and spin-orbit interaction of vector particles.
Their contributions to the current have a polarization nature. The charge density of this current,
ρPol = −∇ · P, where P is an effective polarization vector that depends on the quadrupole moment
and spin-orbit interaction, oscillates in space, producing zero contribution to the total charge.
PACS numbers: 12.15.Ji, 12.15.Lk, 12.20.Ds
We show that the charge density of vector bosons, W
bosons in particular, can change sign. The effect man-
ifests itself either for sufficiently high energy of the W -
boson, or for sufficiently strong attractive potential. The
origin of this effect is related to the electric quadrupole
moment and spin-orbit interaction of vector mesons.
The Proca theory [1] presumes that the magnetic g-
factor of vector bosons is g = 1. The Corben-Schwinger
[2] formalism allows one to describe vector bosons with
an arbitrary value of the g-factor. In particular, it is ap-
plicable for the case of W bosons in the Standard Model,
which have g = 2, see e. g. [3]. A close correspondence
between the Corben-Schwinger formalism and the gauge
theory was discussed in [4], its relation to the Standard
Model was discussed in [5, 6].
Following [2] let us describe a vector boson propagating
in an electromagnetic field by the Lagrangian
L = −1
2
WµνW
µν +m2W+µ W
µ +
+ i e (g − 1)Fµν W+µ Wν . (1)
Here m is the mass of a vector boson, ∇µ = ∂µ + ieAµ,
Fµν = ∂µAν − ∂νAµ, Wµν = ∇µWν − ∇νWµ and the
magnetic g-factor is arbitrary. The Lagrangian (1) gives
the following wave equations [2]
(∇2 +m2)Wµ + ieg Fµν Wν −∇µ∇ν Wν = 0 . (2)
Taking a covariant derivative in Eq.(2) one finds also [2]
m2∇µWµ + ie(g − 1)JµWµ − ieg − 2
2
FµνWµν = 0 , (3)
where Jµ = ∂νF
νµ is the external current, which creates
the external field F νµ. Eq.(3) guarantees that among
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four components of the vector Wµ only three are inde-
pendent, precisely how it should be for a massive particle.
From Eq.(1) one also derives the current of vector bosons
jµ [2]
jµ = ie
(
W+νWµν + (g − 1)∂ν(W+µ Wν)− c.c.
)
. (4)
Here c.c. refers to two complex conjugated terms. Let us
start from the simplest case of a free motion, when Eq.(4)
gives the following charge density for vector particles
ρ ≡ j 0 = e
(
2ε(W+ ·W + (g − 1)W+0 W0)
+ ig(W+ ·∇W0 −W ·∇W+0 )
)
. (5)
Eq. (3) gives W0 = −i(∇ ·W )/ε. For the plane wave
W = C exp(ip·r) one observes a conventional, positively
defined charged density
ρ = (2e/ε)
(|C |2ε2 − |C · p |2) , (6)
where p = (ε2 −m2)1/2 is the momentum. However, for
the standing wave W = C sin(p · r) an unusual effect
takes place, the sign of the charge density is not neces-
sarily fixed. The charge density in this case reads
ρ =
2e
ε
(
(g − 1)|C · p |2
− ( (2g − 1)|C · p |2 − |C |2ε2 ) sin2(p · r)). (7)
For the longitudinal polarization, |C · p | = |C |p, the
density is
ρ=
2e|C|2
ε
(
(g−1)p2−((2g − 1)p2−ε2) sin2(p·r)). (8)
We see that for g > 1 and energy ε > m
√
g/(g − 1) the
charge density may take negative values. In the case of
the W -boson, g = 2, the change of sign appears for the
energies ε >
√
2m. The minimum of density corresponds
2to sin2(p · r) = 1. In the Proca case g = 1 the sign
of the charge density is fixed. However, for g < 1 the
charge density may be negative again. The minimum of
the density in this case corresponds to sin(p · r) = 0.
As we will show below this behavior is explained by the
contribution of the electric quadrupole moment of the
vector particle, Q ∝ (g − 1)e/m2.
The motion of the W -boson (g=2) in the attractive
Coulomb potential U = −Zα/r gives another example.
Take the most interesting case of the total angular mo-
mentum j = 0. Then W(r) = n v(r) , where n = r/r
and v(r) is the radial wave function [2, 5]. Eq. (4) gives
the density of charge for this state,
ρ = 2e
(
(ε− U)(v2 + w2) + 2v dw
dr
)
, (9)
where w(r) = (v′(r) + 2v(r)/r)/(ε − U) [2, 5]. At
large distance we may neglect the potential, and the
wave equation has usual spherical-wave solution v(r) ≈
sin(p r + δ)/r or exp(−κr)/r. Again, the change of sign
appears for energies ε >
√
2m. The result looks even
more interesting for a charge density in a vicinity of
the Coulomb center. The most singular term in the
Coulomb solution for W-boson is v(r) ∼ rγ−3/2 where
γ = (1/4 − Z2α2)1/2 [2, 5] . The charge density in this
case is ρ ∝ −e r2γ−4 [2, 5]. Thus, the charge in a vicinity
of the Coulomb center has the “wrong” sign. Moreover,
the integral of the charge density is divergent and this
wrong-sign charge is infinite. In [5] we showed that the
Coulomb problem for W -boson is saved by the fermion
vacuum polarization which produces the impenetrable
potential barrier near the origin, Ueff ∼ Z2α3/m3r4 [7].
As a result, the W -boson charge density decreases expo-
nentially and vanishes at r = 0, which makes the charge
with wrong-sign near the origin finite.
To make a physical nature of this phenomenon more
transparent consider the nonrelativistic approximation
for the Hamiltonian that describes a vector particle in
a static electric field (this Hamiltonian for g = 2 was
derived in [5])
Hij =
(
p2
2m
+ U
)
δij − p
4
8m3
δij (10)
−g − 1
2m2
(
F · (p× Sij)−∇i∇j U
)
,
Here i, j = 1, 2, 3 label components of three-vectors,
the nonrelativistic Schredinger equation in this notation
reads HijΦj = EΦi, S is the spin, which operates on
a vector V according to SijVj = −iǫijkVk, U = eA0
and F = −∇U are the potential energy and the force
produced by the field. The first and second terms in
Eq.(10) describe the basic nonrelativistic approximation
and the relativistic correction to the mass respectively,
the term with the spin gives the spin-orbit interaction.
The last term in Eq.(10) includes two contributions: the
contact term ∝ ∆Uδij/3 and the quadrupole moment
term ∝ ∇i∇jU − ∆U δij/3. The corresponding density
of the electric quadrupole moment equals
Qij = (g − 1) e
m2
(
3Φ∗iΦj − δij |Φ|2
)
, (11)
where
Φ ≃W +∇ (∇ ·W )/2m2 , (12)
is the non-relativistic wave function introduced in [5].
Calculating a variation of the matrix element 〈Φ|H |Φ〉
of the Hamiltonian Eq.(10) with respect to the potential
we find the charge density ρnr of a vector particle in the
nonrelativistic approximation:
ρnr = ρC + ρS + ρQ , (13)
ρC = eΦ
∗
iΦi , (14)
ρS = (g − 1) e
2m2
(∇iΦ∗i∇jΦj −∇jΦ∗i∇iΦj ), (15)
ρQ = (g − 1) e
2m2
∇i∇j (Φ∗iΦj) . (16)
The term ρC here can be interpreted as a conventional
nonrelativistic distribution of charge. The next term ρS
originates from the spin-orbit interaction in Eq.(10). The
term ρQ comes from the last term in the Hamiltonian
(10), which describes the quadrupole and contact inter-
actions of the boson. The spin-orbit and quadrupole
terms give zero contribution to the total charge because
each one of them can be written as a divergence. For
the quadrupole term ρWQ this is evident from its defini-
tion. The spin-orbit term can be rewritten in such a way,
ρWS ∝ ∇i(Φ∗i∇jΦj −Φ∗j∇jΦi)
)
, as to make it clear that
it is a divergence as well. Thus, the sum ρS+ ρQ may be
presented as a divergence of a vector,
ρS + ρQ ≡ ρPol = −∇ ·P . (17)
Therefore, it can be looked at as a charge density ρPol
induced by an effective polarization which is described
by the polarization vector P [8]. This vector can be
identically rewritten in the following simple form
P = −(g − 1) e
m2
Re
(
Φ
∗(∇ ·Φ) ) (18)
Eq.(17) explicitly shows that ρPol does not contribute
to the total charge of the vector boson,
∫
ρPold
3r = 0.
Consequently, ρPol inevitably oscillates, changing sign.
Same conclusion holds separately for ρS and ρQ.
In the low-energy region ρPol is smaller than the con-
ventional charge density ρC, which has a definite sign.
However, with increase of momentum |ρPol/ρC| is grow-
ing as p2/m2 or 1/r2m2 since it depends on derivatives
of the wave function. For sufficiently high energy (or
large attractive potential) ρPol may prevail, forcing the
total charge density ρ to change its sign as well. How-
ever, to make this argument rock solid for high energies,
one has to consider a fully relativistic treatment, which
is presented below, see Eqs.(27)-(30).
3To clarify the meaning of Eqs.(13)-(18) let us con-
sider specific cases for a low-energy vector particle. For
the plane wave W = C exp(ip · r) the spin-orbit and
quadrupole contributions to the charge density vanish,
ρQ = ρS = 0, and the density ρ = ρC = const, in
agreement with Eq. (6). For the standing wave W =
C sin(p ·r) we obtain the positive non-relativistic charge
density, zero spin density and oscillating quadrupole den-
sity
ρC = e(|C|2 − |C · p/m|2) sin2(p · r) , (19)
ρS = 0 , (20)
ρQ = e(g − 1)|C · p/m|2 cos(2p · r) . (21)
As expected, the quadrupole density increases with p2.
The total density agrees with Eq.(7) for ε ≈ m.
Finally, consider a vector particle in the attractive
Coulomb field in the state 2p0 (j = 0, l = 1). In this
case
Φ = Cr exp(−kr/2) , (22)
ρC = eC
2r2 exp(−kr) , (23)
ρS = (g − 1)eC2(3−kr) exp(−kr)/m2 , (24)
ρQ = (g − 1)eC2(6−4kr+k2r2/2) exp(−kr)/m2. (25)
Here k = Zαm, while C describes the normalization of
the wave function. We see that the spin density and the
quadrupole density are enhanced by the factor ∝ 1/m2r2
at small distances in comparison with the non-relativistic
charge density ρC ∝ r2. Also, ρS and ρQ have the ra-
dial oscillations and vanish after the radial integration,∫
ρQ r
2dr =
∫
ρS r
2dr = 0.
Let us discuss now the relativistic case. For simplicity
consider propagation of the W -boson (g = 2) in a static
external field U = eA0, A = 0. In the region, where the
external current is absent, Jµ = 0, Eq.(3) gives
w ≡ iW0 =∇ ·W /(ε− U) , (26)
and the charge density extracted from Eq.(4) may be
presented in the following form:
ρ = ρP + ρCS , (27)
ρP = 2e
(
(ε− U)W+·W +Re (W+·∇w
)
, (28)
ρCS = −∇ ·PCS , (29)
PCS = −2eRe (W+w) . (30)
Here ρP is related to the first two terms in the Lagrangian
Eq.(1) which were introduced by Proca [1]. The density
ρCS originates from the last term in Eq.(1), which was
firstly introduced by Corben and Schwninger [2] and is
also present in the Standard Model (with g = 2) [5].
The term ρP has a conventional, definite sign in the
nonrelativistic approximation, when ρP ≃ ρC/(2m),
where ρC is defined in Eq.(14). The factor 2m here ac-
counts for the fact that we use a conventional notation,
in which the normalization conditions for the relativistic
and nonrelativistic wave functions differ by precisely this
factor. This term also keeps a conventional sign in the
region of space where the potential is weak, |U ≪ ε. The
higher the energy, the wider this region is. In the ultrarel-
ativistic limit ε→∞ the term ρP keeps definite sign al-
most everywhere, except close vicinities of any Coulomb
center. However, since it is known that at in the vicinity
of the Coulomb center the the W -boson charge density
decreases [5], the small regions near the Coulomb centers
give small contribution to the total charge. Thus, for a
wide range of energies and vast areas of space the term
ρP in the charge density reveals conventional behavior.
In contrast, the charge density ρCS in Eq.(29) is a di-
vergence. As a result, it gives zero contribution to the
total charge
∫
ρCS d
3r = 0, and inevitably oscillates in
space, showing the variation of sign. In the nonrela-
tivistic approximation it is reduced to the polarization
charge density defined in Eq.(17), ρCS ≃ ρPol/(2m). The
higher the energy the bigger are the spacial derivatives
in Eqs.(29),(30), forcing ρCS to grow with increase of en-
ergy. In contrast, ρP cannot show similar growth due
to a restriction related to the total charge of the W bo-
son, which equals the integral e =
∫
ρP d
3r, making large
values of ρP impossible. We conclude that for high en-
ergies the term ρCS prevails in the charge density. It
is inevitable therefore that the total charge density of W
bosons changes its sing, revealing a “wrong” sign in some
areas of space.
In summary, we verified that the charge density of vec-
tor particles can have wrong sign; for example it can be
negative for the W+ boson. The effect is related to the
electric quadrupole moment and spin-orbit interaction of
the vector boson which are proportional to (g − 1) and
originate from the last term in the Lagrangian Eq.(1),
which was firstly introduced by Corben and Schwninger
[2] and is also present in the Standard Model (with g = 2)
[5].
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